Introduction and statement of result.
Let R n be the n-dimensional Euclidean space (niΞ>2), and set Rn={x = (x' f XJEΓ^XF; x n >0}.
For ξtΞdRl, γ^l and α>0, define
T γ (ξ, a)={(x', *")(=/??; |(*', G)-ζ\<axψ).
Recently Cruzeiro [2] proved the existence of lim u(x) as x-*ξ, x<^T r (ξ, a) , for a harmonic function u with gradient in L n {RX). In this note we are concerned with polyharmonic functions in R+, and our purpose is to give a generalization of her result to the polyharmonic case.
For a nonnegative integer m, denote by Δ m the Laplace operator iterated m times; in particular, Δ° denotes the identity operator. A function weC°°(7??) is said to be polyharmonic of order m in R+ if ( i) // n-mp+ayO, then for each γ>l there exists a set E r ddRi such that H r (n-mp+a)(E r ) = 0 and
x-*ξ,x&T γ (ξ,a)
exists and is finite for any α>0 and any ξ^dR+-E r .
(ii) // n-mp+a=0, then there exists a set EddRl such that B n / P , P (E)~O and (2) exists and is finite for any α>0, any γ>l and any ξ^dR^-E.
(iii) // n-mp+a<0, then lim u(x) exists and ts finite for any ξ^dR'l.
x^ξ,x<=RΊ
Here Hi denotes the /-dimensional Hausdorff measure, and B LιP the Bessel capacity of index (/, p) (see Meyers [4] and -Kα <mp-l, then we can find a harmonic function u in R% which satisfies (1) with G = Rl such that lim u(x)=oo for any ξ^E (see [8; Theorems 1 and 2] ).
x->ξ,χζΞR™
Thus (ii) of the theorem gives an improvement of [8 Theorem 1] , and also the best possible result as to the size of the exceptional set.
Lemmas.
First we prepare several properties of polyharmonic functions. Let B(x, r) denote the open ball with center at x and radius r. For EcR n , denote the closure of E by E.
LEMMA 1. Let u be a function which is poly harmonic of order m+1 in R!}.
Then there exist constants c % independent of u such that (x,r) whenever B(x, r)C.R+.
Proof. By a result in [9; p. 189] , there exist harmonic functions v t in B(x, r') such that
where S(x, r')aRΐ.
for r with 0<r<r / . The constants c[, c" and c z depend only on i and the dimension n.
LEMMA 2. Let u be a function which is poly harmonic of order m+1 in R+, and let B(x } r)dR+. Then for each nonnegative integer i, i^m, there exist constants a\ l) independent of u, x and r such that
Proof. In view of [3 (15) ], with constants a k . We introduce a differential operator
Letting 1 denote the identity operator, we note that
Integrating both sides with respect to p over the interval (0, r), we obtain
jdB (x,r) Repeating this process, we finally obtain
which is of the form (3).
The following fact can be proved easily (cf. [6; Lemma 5] 
If z^T r (ξ, a)Γ\B{ξ, 1) and X<ΞB(Z, z n /2), then there exists α'>0 such that n r (f, α') Hence we obtain if , where the derivatives are taken in the sense of distributions.
We shall show that H γίn -kp+β) (E ι>γ r\B(0, r))=0 if n-kp+β>0 and Eι, r Γ\ B(0, r) is empty if n-kp+β£0 for any r>0. Let r>0 be fixed, and take a function φ^C^{R n ) such that 0=1 on 5(0, 2r). Set w = φv. Then by [5 Theorem 4 .1],
Since w is considered to be continuously k times differentiate on Rΐ, the right hand side is also continuously k times differentiate on R+ and the equality is considered to hold at every point of R%. Further, jB(0, r) Thus the proof of Lemma 6 shows that H ΐin -kp+β)(Eι ιr Γ\B(O t r))=0 if n-kp+β >0 and Eι >r Γ\B(0, r) is empty if n-kp+β^O.
By noting the arbitrariness of r, we conclude the proof.
Proof of the theorem.
Let u be as in the theorem. If a<p -l, we let k -1, and if a^Lp -l, then we let k be a positive integer such that -ξ,x<ΞTγ(ξ,a) and any α>0; in case n-mp+a<0, our proof below shows that u(x) has a finite limit as for any α>0 and any ξ^dRί-E, where C(f M, F)= Γ\u (Fr\B(ξ, r) ) for a set Fc/?ϊ and l ξ ={ζ+(0, -, 0, ί); ί>0}.
